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Bouc’s conjecture on B-groups
Xingzhong Xu1,2, Jiping Zhang3
Abstract. Bouc proposed the following conjecture: a finite group G is nilpo-
tent if and only if its largest quotient B-group β(G) is nilpotent. And he has
prove that this conjecture holds when G is solvable. In this paper, we con-
sider the case when G is not solvable. Let S be a nonabelian simple group
except the Chevalley groups An(q), Dn(q), E6(q), and 2An(q), if there ex-
ists only one factor of G which is isomorphic to S, then β(G) is not solvable,
of course, is not nilpotent. That means we prove the conjecture in these cases.
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1. Introduction and main results
We all know that the Burnside ring(algebra) is an elementary structure in math-
ematics, because it is formed only by the elementary operations on sets: product
and coproduct(i.e., disjoint union). Let G be a finite group, we can do these oper-
ations on G-sets and get a ring B(G) which is named as the Burnside ring. And
the most important elements of this ring are units and idempotents. Here, we only
focus on the idempotents, the forms of these idempotents can be given by [10, 15].
Because we have some operations from finite groups, thus we can do these op-
erations on Burnside rings. And these operations are called as ”Induction functor,
Restriction functor, Inflation functor, Deflation functor and others functors.” There
exists an interesting phenomenon: the Deflation functor can send some idempotent
to 0. A special class of finite groups which have this interesting phenomenon is
defined as B-groups [2, 3]. Indeed, these groups plays an important role in study
of Burnside functors.
In [2, 3], Bouc told us that there exists a largest quotient of a finite group which
is a B-group, of course, well-defined up to isomorphism, and denoted by β(G). We
only know a few properties of B-groups, until [1] proved some relations between
β(G) and G. Moreover, [2] proposed the following conjecture:
Conjecture 1.1. [2, Conjecture A] Let G be a finite group. Then β(G) is nilpotent
if and only if G is nilpotent.
And [2] gave a proof of this conjecture when G is solvable. Moreover, in [2],
Bouc said that The´venaz proposed the another conjecture:
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2Conjecture 1.2. [2, Conjecture] Let G be a finite group. Then β(G) is solvable if
and only if G is solvable.
After recalling the basic definitions and properties of B-groups, we will give
a proof of the Conjecture 1.1-2 when the group have only one factor which is
isomorphic to some finite nonabelian simple group as following.
Main Theorem. Let G be a finite group. Let S be a nonabelian simple group
except the following groups
(1) An(q) for q = p
f when n+ 1  2;
(2) Dn(q) for q = p
f when n = 4 or p = 2;
(3) E6(q) for q = p
f ;
(4) 2An(q) for n  1.
If there exists only one factor of G which is isomorphic to S, then β(G) is not
solvable.
Here, the group G can have other nonabelian simple groups as its factors.
2. Burnside rings and B-groups
In this section we collect some known results that will be needed later. For the
background theory of Burnside rings and B-groups, we refer to [2], [3],[8]
Definition 2.1. [3, Notation 5.2.2] Let G be a finite group and N ✂G. Denote by
mG,N the rational number defined by:
mG,N =
1
|G|
∑
XN=G
|X |µ(X,G),
where µ is the Mo¨bius function of the poset of subgroups of G.
The reason to definite mG,N is
DefGG/Ne
G
G = mG,Ne
G/N
G/N
by [2, 3]. Hence, if mG,N = 0, then Def
G
G/Ne
G
G = 0. Here, e
G
G, e
G/N
G/N are idempotents
of the Burnside rings of G and G/N respectively. For the idempotents of the
Burnside rings, we refer to [10, 15].
Remark 2.2. If N = 1, we have
mG,1 =
1
|G|
∑
X1=G
|X |µ(X,G) =
1
|G|
|G|µ(G,G) = 1 6= 0.
Definition 2.3. [2, Definition 2.2] The finite group G is called a B-group if mG,N =
0 for any non-trivial normal subgroup N of G.
Proposition 2.4. [3, Proposition 5.4.10] Let G be a finite group. If N1, N2 ✂ G
are maximal such that mG,N 6= 0, then G/N1 ∼= G/N2.
Definition 2.5. [2, Notation 2.3] When G is a finite group, and N ✂G is maximal
such that mG,N 6= 0, set β(G) = G/N.
3Theorem 2.6. [3, Theorem 5.4.11] Let G be a finite group.
1. β(G) is a B-group.
2. If a B-group H is isomorphic to a quotient of G, then H is isomorphic to a
quotient of β(G).
3. Let N ✂G. The following conditions are equivalent:
(a) mG,N 6= 0.
(b) The group β(G) is isomorphic to a quotient of G/N .
(c) β(G) ∼= β(G/N).
We collect some properties of mG,N that will be needed later.
Proposition 2.7. [2, Proposition 2.5] Let G be a finite group. Then G is a B-group
if and only if mG,N = 0 for any minimal (non-trivial) normal subgroup of G.
Proposition 2.8. [3, Proposition 5.6.1] Let G be a finite group. Then mG,G = 0
if and only if G is not cyclic. If P be cyclic of order p and p be a prime number,
then mP,P =
p−1
p .
Remark 2.9. If G is a finite simple group, then G is a B-group if and only if G
is not abelian.
Proposition 2.10. [3, Proposition 5.3.1] Let G be a finite group. If M and N are
normal subgroup of G with N ≤M , then
mG,M = mG,NmG/N,M/N .
3. Some results of the Conjectures
The Conjecture have been proven in some special cases. We collect two results
that will be needed later.
When p is a prime number, recall that a finite group G is called cyclic modulo
p (or p-hypo-elementary) if G/Op(G) is cyclic. And M. Baumann has proven the
Conjecture under the additional assumption that finite group G is cyclic modulo p
in [1].
Theorem 3.1. [1, Theorem 3] Let p be a prime number and G be a finite group.
Then β(G) is cyclic modulo p if and only if G is cyclic modulo p.
The reason to consider the p-hypo-elementary groups is the author using the
useful theorem by Conlon [1, Lemma 27]. For the Conlon theorem, we refer to [6,
(80.51)].
In [2], S. Bouc has proven the Conjecture under the additional assumption that
finite group G is solvable.
Theorem 3.2. [2, Theorem 3.1] Let G be a solvable finite group. Then β(G) is
nilpotent if and only if G is nilpotent.
4. Proof of the Main Theorem
In this section, we will prove the main theorem.
4Theorem 4.1. Let G be a finite group. Let S be a non-abelian simple group and
Out(S) = Aut(S)/Inn(S) be cyclic modulo p (or p-hypo-elementary). If the group
G has only one factor which is isomorphic to S, then β(G) is not solvable.
Proof. Let G be a minimal counterexample, that is β(G) is solvable, and, if L is
a finite group with |L|  |G| and, L has only one factor which is isomorphic to S,
then β(L) is not solvable.
Let M ✂ G is maximal such that mG,M 6= 0, then β(G) = G/M is solvable.
Here, M 6= 1 because G is not solvable. Now we can assume that 1 6= N ≤M is a
minimal normal subgroup of G, thus we have
mG,M = mG,NmG/N,M/N
by [3, Proposition 5.3.1]. Thus mG,N 6= 0. So by [3, Proposition 5.4.11], thus
β(G/N) = β(G) is solvable. Since N is a minimal normal subgroup of G, thus N
is abelian, or
N ∼= T × T × · · · × T︸ ︷︷ ︸
k
.
Here, T is a nonabelian simple group.
Since β(G/N) is solvable and |G/N |  |G|, thus G/N does not have a one factor
which is isomorphic to S. That is N has only a one factor which is isomorphic to
S, it implies that
N ∼= T ∼= S.
We will consider the cases whether CG(N) = 1 in the following.
Case 1. If CG(N) 6= 1, thus |G/CG(N)|  |G| and G/CG(N) has only one
factor which is isomorphic to S. Also β(G/CG(N)) is a B-group and is a quotient
of G/CG(N), then β(G/CG(N)) is isomorphic to a quotient of β(G) by [2, The-
orem 2.4.2]. So β(G/CG(N)) is solvable. That is a contradiction to the minimal
counterexample G.
Case 2. If CG(N) = 1, we can see that
N ✂G ≤ Aut(N).
Here, N ∼= S. Since Out(S) = Aut(S)/Inn(S) is cyclic modulo p for some prime
number p, thus G/N is also cyclic modulo p because G/N is isomorphic to a sub-
group of Aut(S)/Inn(S). Since mG,N 6= 0, thus β(G) is cyclic modulo p. It implies
G is cyclic modulo p by [1], that is G is solvable. That is a contradiction.
Therefore, we have β(G) is not solvable. 
Now, we will only need to prove that the outer automorphism of almost non-
abelian simple groups are cyclic modulo p for some prime number p. The Theorem
4.2 is about the case when the simple groups are alternating groups and sporadic
groups. And the Theorem 4.3 is about the case when the simple groups are simple
groups of Lie type.
Theorem 4.2. Let S be a nonabelian simple, if S is type of alternating group or
sporadic group, then Out(S) is cyclic modulo p for some prime number p.
Proof. By[12], we have |Out(S)| = 2 or 1 when S is a sporadic group. Hence,
Out(S) is cyclic modulo p when S is a sporadic group. If S := An is an alternating
5group with degree n, then
|Out(S)| =


2, if n ≥ 5 and n 6= 6;
4, if n = 6.
Hence Out(S) is a 2-group, of course, S is cyclic modulo 2. 
First, we give the following notations. Let n be a positive integer, q  1 be a
power of a prime number p, and q be the order of some underlying finite field. The
notation (a, b) represents the greatest common divisor of the integers a and b. And
a|b represents a is a factor of b.
Theorem 4.3. Let S be a nonabelian simple, if S is type of Lie type except the
following groups
(1) An(q) for q = p
f when n+ 1  2;
(2) Dn(q) for q = p
f when n = 4 or p = 2;
(3) E6(q) for q = p
f ;
(4) 2An(q) for n  1,
then Out(S) is cyclic modulo r for some prime number r.
Proof. By [5, p.xv], the outer automorphism group of the simple Chevalley group
is a semidirect product (in this order) of groups of orders d (diagonal automor-
phisms), f (field automorphisms, generated by a Frobenius automorphism by[13,
p.246, Theorem 5.4]), and g (graph automorphisms modulo field automorphisms,
coming from automorphisms of the Dynkin diagram), except that for
B2(2
f ), G2(3
f ), F4(2
f )
the (extraordinary) graph automorphism squares to the generating field automor-
phism. By [5, p.xvi, Table 5], we have
Type Condition Name d f g
1 A1(q) (2, q − 1) q = p
f 1
2 n ≥ 2 An(q) (n+ 1, q − 1) q = p
f 2
3 n ≥ 2 2An(q) (n+ 1, q + 1) q
2 = pf 1
4 B2(q) (2, q − 1) q = p
f 2 if p = 2
5 f odd 2B2(q) 1 q = 2
f 1
6 n ≥ 3 Bn(q) (2, q − 1) q = p
f 1
7 n ≥ 3 Cn(q) (2, q − 1) q = p
f 1
Table 1
6Type Condition Name d f g
8 D4(q) (2, q − 1)
2 q = pf 3!
9 3D4(q) 1 q
3 = pf 1
10 n  4 even Dn(q) (2, q − 1)
2 q = pf 2
11 n  4 odd Dn(q) (4, q
n − 1) q = pf 2
12 n ≥ 4 2Dn(q) (4, q
n + 1) q2 = pf 1
Table 2
Type Condition Name d f g
13 G2(q) 1 q = p
f 2 if p = 3
14 f odd 2G2(q) 1 q = 3
f 1
15 F4(q) 1 q = p
f 2 if p = 2
16 f odd 2F4(q) 1 q = 2
f 1
17 E6(q) (3, q − 1) q = p
f 2
18 2E6(q) (3, q + 1) q
2 = pf 1
19 E7(q) (2, q − 1) q = p
f 1
20 E8(q) 1 q = p
f 1
Table 3
In the Table 1-3, the groups of order d, f, g are cyclic except that 3! indicates the
symmetric group of degree 3. And an entry ’2 if . . .’ means 1 if not.
Case 1. In the Table 1-3, we can find the outer automorphism group of S is
cyclic when S is of the type 5, 9, 14, 16, 20. Hence, in these types, Out(S) is cyclic
mod r for some prime r.
Case 2. In the Table 1-3, we can find the outer automorphism group of S is a
semidirect product of groups of orders d and f when S is of the type 1, 3, 6, 7, 12,
18, 19. Since d is prime power for some prime number except the type 3, we can
see Out(S) is cyclic mod r for some prime r in these cases except the type 3.
Case 3. In the Table 1-3, for the type 4 at p = 2, the type 13 at p = 3 and the
type 15 at p = 2, we have the outer automorphism group of S is cyclic. Hence, in
these types, Out(S) is cyclic mod r for some prime r.
For the type 4 at p 6= 2, since an entry ’2 if . . .’ means 1 if not, thus the outer
automorphism group of S is a semidirect product of groups of orders d and f and
d|2. Hence, we have Out(S) is cyclic mod 2 in this case.
For the type 13 at p 6= 3, since an entry ’2 if . . .’ means 1 if not, thus the only
outer automorphisms of G2(q) are field automorphisms. Hence, in this type, Out(S)
is cyclic mod r for some prime r.
For the type 15 at p 6= 2, since an entry ’2 if . . .’ means 1 if not, thus the only
outer automorphisms of F4(q) are field automorphisms. Hence, in this type, Out(S)
is cyclic mod r for some prime r
7Case 4. For the type 10 and 11, if q is odd, by [14, p.75], we have Out(S) is
cyclic mod 2 in this case. If q = 2f , we have
Out(S) ∼= Cf ⋊ C2.
That means Out(S) is not always cyclic mod r for some prime r when q = 2f .
Case 5. In the Table 1-3, the outer automorphism groups of the type 8 and 17
are not always cyclic mod r for some prime r.
For the type 2, by [14, p.50, Theorem 3.2], if n + 1 = 2, then Out(S) is cyclic
mod 2. But if n + 1  2, we have Out(S) ∼= D2(n+1,q−1) × Cf where q = p
f . So,
Out(S) is cyclic mod r for some prime r except n+ 1  2.
Hence, the outer automorphism groups of above simple groups are cyclic mod r
for some prime r except the following:
An(q) for n+ 1  2,
2An(q), Dn(q) for n = 4 or p = 2, E6(q).

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